A new method for system stability analysis, the weight functions method, is applied to estimate the longitudinal and lateral stability of a Hawker 800XP aircraft. This paper assesses the application of the weight functions method to a real aircraft and a method validation with an eigenvalues stability analysis of the linear small-perturbation equations. The method consists of finding the weight functions that are equal to the number of differential equations required for system modelling. The aircraft's stability is determined from the sign of the total weight function -the sign should be negative for a stable model. Aerodynamic coefficients and stability derivatives of the mid-size twin-engine corporate aircraft Hawker 800XP are obtained using the in-house FDerivatives code, recently developed at our laboratory of applied research in active controls, avionics and aeroservoelasticity LARCASE. The results are validated with the flight test data supplied by CAE Inc. for all considered flight cases. This aircraft model was chosen because it was part of a research project for FDerivatives code and continued with weight function method for stability analysis in order to develop a design tool, based only on the aircraft geometrical parameters for subsonic regime. The following flight cases are considered: Mach numbers = 0·4 and 0·5, altitudes = 3,000m, 5,000m, 8,000m and 10,000m, and angles-of-attack α = -5° to 20°.
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INTRODUCTION
The stability analysis for a real aircraft was done in this paper using the longitudinal and the lateraldirectional motion mathematical model. The midsize Hawker 800XP is a twin-engine corporate aircraft with low swept-back one-piece wings, a high tail plane and rear-mounted engines. The aircraft has a maximum Mach number of 0·9. The flight test data was provided by CAE Inc. A new method for systems stability analysis, the weight function method, was used to replace the use of Lyapunov functions. The method can be used as a design analysis tool because it can be applied if the aircraft's geometrical parameters are known, which is true also fo r eigenvalue analysis. Weight Function Method (WFM) was used in literature mostly for determination of stress factors for crack problems. The method was applied by Yoichi et al (1) to solve two-and three-dimensional crack problems and to calculate stress intensity factors for arbitrary loading conditions and the stress intensity factor for the patched crack within an infinite plate was successfully numerically validated using the WFM (2) . Different formula to calculate the stress intensity factor are presented in Refs 3-4. A different approach was presented by Stroe (7) , who solved the Lurie-Postnikov problem using general equations for linear or nonlinear vibrations by linear transformations. Stroe also analysed a holonomic system with dependent variable equations (8) where the weight functions method was applied for vibration and stability studies in the cases of linear and nonlinear damped holonomic systems.
The selections of H ∞ weighting functions were presented for practical applications by Jiankun et al (9) , where the authors showed that an H ∞ weighting function for a single-input single-output system could be obtained by considering it as a series of connections of elementary low-order systems. For a constrained control effort, an explicit weighting function was obtained. They proposed a novel method for the selection of weighting functions in an H ∞ mixed sensitivity design to directly control the percentage overshoot. Real-time experimental results were presented for the roll-angle control of a laboratory scale model of a vertical take-off aircraft.
The WFM was applied in the aerospace industry only for the modelling of the longitudinal motion of a canard configuration generic fighter aircraft, called the High Incidence Research Model (HIRM) by the main author of this paper, Anton (10) . The HIRM, a non-linear aircraft model developed by FOI Swedish Defense Research Agency, based on the Generic Aerodata Model (GAM) developed by SAAB AB, has been the subject of collaboration within the Group for Aeronautical Research and Technology in EURope (GARTEUR Action Group FM (AG08)). Results were presented for a complete range of angle-of-attack (-10 to 30)° and elevon deflection angle (-30 to 30)°, constant value of Mach number of 0·25, altitude 500m. The WFM was applied in the case of short-period longitudinal approximations for the system of equations with unstable characteristics given by the pitching-moment coefficients, and the aircraft model was stabilised using control laws. The stability field was augmented from a maximum controllable angle-of-attack equal to 10·9 degrees to 26 degrees. This model had increased complexity because the thrust component was included in the system equations.
In this paper, the weight functions method (WFM) and the eigenvalues stability method are applied to study the Hawker 800XP aircraft's stability, based on aerodynamics coefficients and their derivatives provided by FDerivatives code (13) . This is the first time that the weight functions method is being used to analyse longitudinal and lateral aircraft model stability. The WFM is used here to determine the total aircraft model stability of a mid-size business aircraft with a typical wing-body-tail configuration and three basic control surfaces: the ailerons, elevator and rudder, designed to change and control the moments about the reference axis. This airplane has swept-back wings that are used to delay the drag divergence.
The results, expressed in terms of weighting functions for the Weighting Functions Method (WFM), and in terms of damping and frequency for the eigenvalues method, are presented for the subsonic regime characterised by Mach numbers equal to 0·4 and 0·5, and four altitudes: 3,000m, 5,000m, 8,000m and 10,000m. The pitch angles θ = (-20 to 20)° and pitch rates q = (-3·5 to 3·5)°/s are the longitudinal motion variables, and the roll rate p = (-6 to 6)°/s, yaw rate r = (-2 to 2)°/s, sideslip angle β = (-5 to 5)° and roll angle Φ = (-15 to 15)° are the variables for lateral motion. It was also considered that we have a value δ = 5° for the control term. In the following sections, the WFM and root locus method are described and the related results using both methods are presented.
THE WEIGHT FUNCTIONS METHOD
Quadratic forms have a matrix representation and its studying is reduced to studying of symmetric matrices. Consider the function F: R 2 →R, where F = a 11 x 12 + a 12 x 1 x 2 + a 22 x 22 (11) . This quadratic form in R n is where x = (x 1 , ..., x n ), and the matrix A is unique and n × n symmetric matrix. The matrix A is: . x = 0 is neither a maximum nor a minimum of the quadratic form given by A.
In most practical problems, differential equations that model the behaviour of a dynamic system often depend on more than one parameter. For example, the WFM is more efficient than the classical Lyapunov functions method since only one function has to be found at a time, while the Lyapunov method finds all functions simultaneously. In fact, the Lyapunov stability criteria are based on finding only one Lyapunov function. Finding a Lyapunov function is not simple and is not guaranteed.
The WFM finds a number of weight functions that is equal to the number of the first-order differential equations modelling the system (7, 8) . Theorem (8) : Given the autonomous system
.. x n ) exist such that is a total exact differential, then the stability is given by as follows: W is negativedefinite , the solution is asymptotic stable; W is the null function, the solution is simple stable; W is positive-definite, the solution is unstable. w k represents weight functions, with k = number of equations and unknowns, f k are the functions equivalent to derivatives of x k variables.
Four weight functions, all positive-defined, three expressed as a function of the system's coefficients are determined gradually, and the last fourth positive-constant defined, are considered in this paper. The fourth weight function was defined as 1 (the smaller positive integer) and 100 (a high positive integer) to analyse the longitudinal and lateral-directional stability of the Hawker
800XP aircraft. Both values of the last weight function have been considered in order to see if the stability depends or not by its order of measure. The analysis of the WFM results was conducted based on the values of aerodynamic coefficients and stability derivatives estimated from the aircraft geometry and were also validated with flight test data.
This method, used as a design analysis tool, is based in this paper only on the aircraft's geometrical parameters and its aerofoil co-ordinates. The advantage of the WFM is that depending on the areas of stability obtained, a new analysis can be easily done simply by changing the aerofoils type, using the derivatives stabilities provided by the FDerivatives code.
The main goal of the WFM is to find, one by one, the eight positive weight functions -four functions for longitudinal motion and four functions corresponding to the lateral motion. To analyse the sign of a function W, it is necessary to analyse the signs of all coefficients a i , i = 1 ÷ 11 and d j , j = 1 ÷ 3 (longitudinal motion), and c i , i = 1 ÷ 11 and b j , j = 1 ÷ 3 (lateral motion). The positive and negative values of pitch rate (q), pitch angle (θ), sideslip rate (β), roll rate (p), yaw rate (r) and roll angle (Φ) were considered in the calculations, because the sign of each of these terms could have an influence on the sign of the total function W.
DESCRIPTION OF THE MODEL

Longitudinal motion
Longitudinal dynamic stability is characterised by short-period and phugoid modes (12) . If a longitudinal state vector
T is defined along with a single control term δ, then the aircraft's equations of motion for the linearised longitudinal motion become;
where A is the plant matrix and B is the control matrix. The two pairs of complex conjugate roots of the linearised longitudinal dynamics correspond to the short-period (fast) and phugoid (slow) modes. The homogeneous form of Equation (1) is given by;
Equation (1) can be further represented as Equation (3), using following notations:
. . . (3) where the functions f 1 , f 2 , f 3 and f 4 are equivalent to derivatives of x 1 , x 1 , x 1 and x 1 . The right hand coefficients of Equation (3) are the following:
In the next equations, the term (u/V) is then replaced with ū. By taking the above two equations into account and knowing that the term a 7 = 0, and the unknown x 1 , x 4 , x 3 and x 4 have been defined in Equation (4) the total weight function W is defined by:
. . . (5) 
Lateral motion
Lateral-directional motion equations are given in matrix form as Equation (1). Therefore, the initial system can be written as follows:
. . . (6) where f 1 , f 2 , f 3 and f 4 are given by the left hand side of Equation (7) and the coefficients of Equation (6) are expressed as function of the stability derivatives values on the right hand side of Equation (7):
The function W can be written for the aircraft lateral motion in the following general form, where x 1 = β, x 2 = p, x 3 = r and x 4 = φ;
. . . (8) 
RESULTS OBTAINED USING THE WEIGHT FUNCTION METHOD FOR THE HAWKER 800XP AIRCRAFT
The Hawker 800XP aircraft has the following main geometrical characteristics: reference wing area 34·75m 2 reference wing span 15·66m mean aerodynamic chord 2·44m mass 12,701kg
The flight cases are characterised by two Mach numbers: 0·4 and 0·5, four altitudes of 3,000m, 5,000m, 8,000m and 10,000m, and various angles-of-attack between -4° and 20°. Stability derivatives for the Hawker 800XP aircraft were determined using the new FDerivatives code (13, 14) dedicated to the analytical and numerical calculation of aerodynamic coefficients and their corresponding stability derivatives. The stability of the X-31 military aircraft was determined using also the FDerivatives code (15, 16) based on geometrical data. The weight function method was applied on the X-31 and on the HIRM (High Incidence Research Aircraft Model) to determine their stability as described in (17, 18) . System identification and nonlinear methods are described in (19) (20) (21) (22) to estimate the Cessna Citation X and F/A-18 aircraft model from flight tests. 
RESULTS OBTAINED FOR LONGITUDINAL MOTION USING THE WEIGHT FUNCTION METHOD
For longitudinal motion studies, the expressions of the a i and d j coefficients are given in Equation (4) as functions of stability derivatives, and their variations with the angle-of-attack are shown in Figs 1 and 2 for two flight conditions expressed in terms of Mach numbers and altitudes, such as Mach number = 0·4 and altitude H = 3,000m, and Mach number = 0·5 and altitude H = 8,000m, where it is clear that the coefficients a 1 and a 3 are negative, while a 2 has a nonlinear behaviour.
The first term of Equation (5),
is positive, and the quantity within the parenthesis multiplying w 1 should be negative to respect the stability requirements.
. . . (9) In the second term of Equation (9), which should be negative to respect the stability requirements, the coefficient multiplying w 2 should also be negative, since w 2 = α 2 α 5 2 > 0.
. . . (10) In the third term of Equation (10), the third weighting function was chosen
. The last positive function was defined as w 4 = 1 and 100.
. . . (11)
The new w i functions defined above (Equations (9), (10) and (11)) we have obtained the final form of the W function for the aircraft longitudinal motion in the following equation:
. . . (12) For two cases: Mach numbers 0·4 and 0·5 and altitudes of 3,000m and 8,000m, the variation of the positive weight functions w 1 , w 2 and w 3 is shown in Fig. 2 , while w 4 is constant and equal to 1 and 100. To demonstrate the validity range of the WFM, combinations of pitch angle θ and pitch rate q are considered. Passenger's comfort limits were taken into account to define these two parameters. These combinations were taken between the null value (θ, q) = (0°, 0°/s) and the upper and lower limits (θ, q) = (±20°, ±3·5°/s), (θ, q) = (0°, ±3·5°/s) and (θ, q) = (±20°, 0°/s).
The total weighting function W variation with angle-of-attack remains negative as shown in Figs 3 and 4 , for the flight conditions expressed in terms of Mach numbers M = 0·4 and 0·5 and four altitudes H = 3,000m, 5,000m, 8,000m and 10,000m, and for the considered pairs of pitch angle/pitch rate θ/q , It can be seen that for the chosen w 4 > 0 (1 and 100), the W function is always negative, that is equivalent to conclude that the longitudinal dynamics of the Hawker 800XP remains stable for any combination of pitch angle θ and pitch rate q. So, we found the three positive weight functions for which the sign of total function W can be analysed. For combination of θ/q = (0°,0°/sec) the most stable case was obtained (see Figs 3(a) ) and 4(a)) and for the case θ/q = (-20°,0°/sec) (Fig. 4(b) ) and θ/q= (-20°,-3·5°/sec) (Fig. 4(d) ) the stability field is close to became instable. In this case we can conclude that a stability limit should be defined for Mach number 0·5. 
RESULTS OBTAINED FOR LATERAL MOTION USING THE WEIGHT FUNCTION METHOD
To study the stability of the aircraft, the same type of analysis is done for the lateral motion as for the longitudinal motion. The first term of Equation (8), is negative when w 1 = (c 2 p + c 3 φ) 2 /β 2 and the term multiplying w 1 is negative, . . . (13) while for the second term of Equation (13), c 5 , c 6 are negative and w 2 was defined as
. . . (14) In the third term of the Equation (14), the function w 3 is chosen to be , and the term multiplying it will be negative, in order to ensure airplane stability.
. . . (15) In the fourth term of Equation (15), the last function is defined as w 4 = 1, 100, and the variations of the other three functions w 1 , w 2 and w 3 (Equations (13)- (15) . . . (16) The variation of the weighting function W with the angle-of-attack α is shown for various values of w 1 , w 2 and w 3 and for combinations between the extreme values of p, r, β and φ defined in the above paragraphs.
It has been found that the Hawker 800XP aircraft has a stable lateral dynamics in climb or descent for roll, Dutch roll and spiral motions because the total weight function W variation with the angle-of-attack is negative, as seen in Figures 6 and 7 for the subsonic regime characterised by Mach numbers of 0·4 and 0·5, and four altitudes, for various combinations of p, r, β and φ.
Stability field for lateral motion are presented in Figs 6 and 7. We can seen that for M = 0·4 the instability can be encountered, if the limits of roll rate, yaw rate, sideslip angle and roll angle are increased, for high angles-of-attack in cases presented in Figures 6.(a) , 6(b), 6(e), and for M = 0·5 for cases presented in Figures 7(a) and 7(e) . On the other side, for small angles-of-attack, we can have stability fields if the limits presented in Figs 6(c), (d) , (f), 7(c) and 7(d) are increased.
In fact, the Hawker 800XP is a stable aircraft in its longitudinal and lateral motions because the sign of the W function remains negative. In the next section, a stability analysis will be performed using the eigenvalues method, for comparison and validation purposes of the results obtained with the WFM. The system stability/instability can be summarised as follows:
• longitudinal motion at M = 0·5:
-θ smaller than -20° with q = 0°/sec; -θ smaller than -20° and q smaller than -3·5°/sec
• lateral motion for high angles-of-attack at M = 0·4:
-p smaller than -6°/s, with β = 0°, r = 0°/s and φ = 0° ;
-p greater than +6°/s, with β = 0°, r = 0°/s and φ = 0° ;
• lateral motion for high angles-of-attack at M = 0·5:
• lateral motion for small angles-of-attack at M = 0·4 :
-r smaller than -2°/s, β smaller than -5° with p = 0°/s and φ = 0° ;
-r greater than -2°/s, β greater than -5° with p = 0°/s and φ = 0°;
• lateral motion for small angles-of-attack at M = 0·5:
-r greater than +2°/s, β greater than -5° with p = 0°/s and φ = 0°.
EIGENVALUES STABILITY ANALYSS OF THE LINEAR SMALL-PERTURBATION EQUATIONS
The eigenvalues stability analysis was used to validate the results obtained with the Weight Function Method, based on the aerodynamics coefficients and their derivatives obtained with FDerivatives code. Five dynamic modes of motion describe the aircraft's response to an initial condition of any origin (turbulence, control input, etc.). These five modes are: the short period and the long period for the longitudinal aircraft motion, and the roll, Dutch roll and spiral for the lateral motion. These modes are separated as they are defined by the equations described in sections V.1 and V.2 for longitudinal and lateral motions, respectively. Their estimation is made in open-loop.
LONGITUDINAL MOTION RESULTS
The longitudinal motion can be divided into two motions: short period and phugoid. The short period pitch response is the short term response (from 1 sec to 4 sec) of a longitudinal motion to a disturbance. The main variables are the angle-of-attack α, the load factor n and the pitch angle θ. It is interesting to find the relationship between the damping ratio of the short period oscillation (ζ sp ), the un-damped natural frequency of the short period oscillation (ω sp ), and the change in normal acceleration per unit change in angle-of-attack for an incremental pitch control deflection at constant airspeeds and Mach numbers. The mathematical model (19) which describes this longitudinal motion can be represented in the form of the state space first equation (Equation (2)): . . . (17) For both longitudinal modes, the natural frequency  ω n and damping ratio are estimated from the characteristic equation as function of the eigenvalues λ 1 , λ 2 , λ 3 and λ 4 (Equation (18)), with the mention that λ 1,2 are the eigenvalues corresponding to short-period and λ 3 , 4 to phugoid motions.
. . . (18)
The natural frequencies ω n and the damping ξ of short-period and phugoid modes verify the next Equation (19).
. . . (19)
The imaginary parts of eigenvalues are presented as function of their real parts in Fig. 8 where it can be observed that all the real parts of the eigenvalues are negative, which means that, in terms of stability, the aircraft longitudinal mode is stable in both short-period and phugoid modes. For phugoid mode real parts of eigenvalues are negatives, but they are very closed to positive values if the limits are increased, that means pitch angles θ greater than 20° or smaller than -20° and pitch rates q smaller than -3·5°/s or greater than 3·5°/s.
1 1 
LATERAL MOTION RESULTS
Based on Equations (1) and (2) the system can be written in the following form (19) :
. . . (20) Generally, the eigenvalues λ 1 , λ 2 , λ 3 and λ 4 of the characteristic equation for the lateral motion are composed of two real eigenvalues and a pair of complex eigenvalues. The eigenvalues are chosen so that the response of the aircraft is characterised by the following modes (23) : • A Spiral mode characterised by convergent or divergent motions;
• A Roll mode characterised by fast convergent motion; and
• A Dutch Roll mode characterised by lightly damped oscillatory motion with a low frequency.
The rolling motion is generally quite damped and is reaching the steady state in a very short time.
In the case of a roll mode, the desired roll rates and angles can be obtained. The rapidity with which the commanded roll rate is reached influences the response to the inputs and also the ability to achieve and maintain the roll angle φ.
Dutch roll motion is a combination of yaw and roll motions, and is the lateral-directional short period oscillatory mode. The Dutch roll is a nuisance mode that appears in the roll response to lateral control and can introduce non-controlled and non-desired roll and yaw motion. These motions can significantly influence the ability of the pilot to precisely control lateral-directional motions. Figure 9 shows the eigenvalues (imaginary versus real parts) variations for the lateral aircraft analysis. It can be concluded that the Hawker 800XP is a stable aircraft in its lateral motion for all three motions (roll, spiral and Dutch roll). We can see that for highest altitude the stability field is close to become unstable, roots can develop negative real parts, meaning that any changed of limits defined as roll rate p = (-6 to 6)°/s, yaw rate r = (-2 to 2)°/s, sideslip angle β = (-5 to 5)° and roll angle Φ = (-15 to 15)° could induced instability.
CONCLUSIONS
The main aim was to determine, as a design tool, the positive weight functions by the Weight Function Method in order to analyse the stability fields of a Hawker 800XP configuration. The eigenvalue stability analysis of the linear small-perturbation equations was chosen for validation, because the eigenvalues can be rapidly determined for any flight condition or from the stability derivatives for one particular flight case. The aerodynamic coefficients and their stability derivatives were found with our new in-house FDerivatives code.
Based on the aircraft's aerodynamic model calculated with the WFM, three functions were defined in terms of stability derivatives terms, and the last function was considered positive and chosen to be 1 and 100. The WFM was applied for longitudinal and lateral motion studies.
For all four altitudes considered at two Mach numbers, the longitudinal dynamics of the Hawker 800XP remains stable for any combination of pitch angle θ and pitch rate q. It has been found that the Hawker 800XP aircraft has stable lateral dynamic stability in climb or descent for roll, Dutch roll and spiral motions because the total weight function W variation with the angle-of-attack is negative for the subsonic regime characterised by Mach numbers of 0·4 and 0·5, and four altitudes, for combinations of p, r, β and φ.
